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SUMMARY 
A computer program, designated RETSCP, for the analysis of 
Rocket Engine Thermal Strains with Cyclic Plasticity is 
described in detail. RETSCP is a finite element program 
which employs a three dimensional isoparametric element. 
The program treats elasto-plastic strain cycling including 
the effects of thermal and pressure loads and temperature 
dependent material properties. Theoretical aspects of the 
finite element method are discussed and the program logic 
is described. A RETSCP User's Manual is presented including 
sample case results. 
INTRODUCTION 
A new generation of high performance liquid rocket engines 
is being considered for Space Transportation System applic- 
ations. The high performance goal for these engines demands 
high chamber pressures which result in high heat flux levels. 
Engine reusability is a prime objective. With the require- 
ment of thermal and pressure cycling, the stress analyst must 
be able to define the life potential of a given design, 
considering cyclic fatigue where chamber wall stresses are 
sufficiently high to cause plastic strains. 
The state of stress in regeneratively cooled rocket chambers 
varies in three dimensions. For such geometries, a numerical 
method of analysis must be employed. The numerical technique 
which has been given the most attention during the past 
decade is the finite element method. For an outstanding 
introduction to the finite element method, see Zienkiewiczls 
text, Reference 1. 
The following report describes a finite element computer 
program designated RETSCP which was developed specifically 
for the purpose of Kocket Engine Thermal Strain analysis 
with Cyclic Plasticity. The program is an outgrowth of a 
General Electric program called ISOPAR, Reference 2. 
ISOPAR employs a three-dimensional isoparametric element 
to compute the elastic stress distribution i r i  structures 
which can be modeled with relatively few elements. 
The transformation of ISOPAR into RETSCP followed a step- 
by-step approach. First, the program was expanded to allow 
for more elements in the structural model. Then, the 
capability of including thermal loads and computing thermal 
stresses was added. The program was next modified to 
allow non-zero prescribed displacements and to treat sliding 
boundaries. The symmetry condition in a rocket chamber is 
represented by a sliding boundary. Finally, plastic behavior 
with temperature dependent material properties was included. 
In conjunction with this final step, residual strains are 
output on punch cards to allow strain cycle restarts. 
This report begins with a discussion of the theoretical 
aspects of the finite element method. The RETSCP program 
logic and computational scheme are then described. Finally, 
a KETSCP program User's Manual is given which includes sample 
case results. It is intended that a prospective program 
user can go directly to the User's Manual to obtair a 
working knowledge of the program. For application of the 
RETSCP program to specific rocket chamber analyses, see 
Reference 10. 
FINITE ELEMENT METHOD 
The theory of the finite element method has been well documented 
in several texts (c.f., Reference 1). There are many 
types of elements which have been developel, Reference 3. 
The choice between elements is this: use many simple elements, 
or use few complex elements. The isoparametric element, 
Reference 4, is a very complex element which leads to 
accurate results with a course structural model. 
In this section, the theory of the finite element method 
is described with specific reference to the isoparametric 
element which is used in the RETSCP program. The stress- 
strain analysis, application of boundary conditions, 
thermal loading, and bi-linear plasticity models are discussed 
in the context of the RETSCP program. 
General Theory 
The finite element method is a procedure for approximating 
a continuum by an assenbly of distinct elements having a 
finite number of unknowns, For structural analysis, this 
amounts to solving the force-displacement equations for 
the element assembly subject to the prescribed boundary 
values, That is, the follol.lng syste,;: of equations is 
formulated and solved: 
where, F and 6 are the forces and displacements at the 
nodal points which connect the elements, and [K] is the master 
stiffness matrix for the assembly. All symbols are defined 
in Appendix A.  The appropriate force and displacement 
boundary conditions are used to obtain the solution to 
equation (1). 
The master stiffness matrix is formed by assembling the 
individual stiffness matrices for each element. The element 
stiffness [k] is determined by employing strain energy 
considerations. Apropos to these remarks, the strain 
within each element is related to the element nodal point 
displacements as follows: 
For an elastic structure, the general stress-strain relation- 
ship is 
Now, the aforementioned energy considerations (c.f. Reference 1) 
imply the following: 
The functional relationship in equation (2) depends on the 
particular element employed. The detailed manner in which 
the integration, equation < 4 ) ,  is carried out also depends 
on the choice of element, The general procedure, however, 
is to solve the force-displacement equations for the assembly 
under the imposed boundary conditions. 
Isoparametric Element 
Following Reference 1, consider the eight node box element 
shown in Figure 1, The nodal points are located in space 
by their x-y-z coordinates in the rectangular right hand 
system. We introduce a set of parameters (5, TI, 5 )  such 
that their values are eithcr +1 or -1 on the element 
faces. A set of eight linear functions of the parameters 
is then defined such that their functional value is +1 
at each corresponding node and zero elsewhere. 
That is, 
Note that these functions apply when the node numbering is 
such that nodes 1-2-.:-4 go clockwise around the bottom 
when viewed from the top and nodes 5-6-7-8 are above 
nodes 1-2-3-4 respectively. 
Figure 1. Rectangular and parametric coordinate systems 
for eight node box element. 
Now, the coordinates of any point within the element 
x ,  y, z can be related to the coordinates of the eight 
nodal points x, yn, z, by the following parametric expressions: 
Equations (6) thus imply a relationship between (x, y, z) 
and ( S A C  1. 
Bear in mind, that our objective is to evaluate the stiffness 
matrix for the three-dimensional box element, equation (4). 
Thus, we require detailed expressions for the B-ma* 
and D-matrix. The stress matrix, D-matrix, for otropic 1 
I 
material with elastic modulus E, and Poisson's rh .O vis: I 
The B-matrix relates strai:~ at any point in the element 
to the nodal point displacements. 
displacement equations are: 
The general strain- 
( 8 )  
We relate the displacements of a point in space u, v, w 
to the nodal point displacements fun}, {v,}, {wn, as follows: 
An element, such as this, for which the same shape function 
expresses the element geometry and displacement fields is 
called an isoparametric element. 
Substitution of equations (9) into equation (8) gives, 
To evaluate the displacement derivatives in equation (10). 
r e  make use of the Jacobian matrix. That is, 
Substituting equations (6) into equation (11) gives, 
The derivatives in equation (12) are readily obtained by 
differentiating equations (5). This matrix applies for a11 
elements and, thus, need only be evaluated once. Then, 
we can determine the Jacobian at any position once the nodal 
point coordinates have been spccificd. 
It turns out that the derivatives with respect to the 
physical coordinates are related to the parametric 
coordinates as follows: 
The above m a t r i x  d e f i n e s  t h e  e l emen t s  o f  t h e  B-matr ix  
i n  e q u a t i o n  ( 1 0 ) .  Thus, upon i p v e r t i n g  t h e  J a c o b i a n  
m a t r i x ,  t h e  B-matr ix  can  be r e a d i l y  e v a l u a t e d  a t  any 
p o i n t  i n  t h e  e lement ,  
Again we r e s t a t e  t h a t  o u r  o b j e c t i v e  i s  t o  o b t a i n  t h e  s t i f f n e s s  
m a t r i x ,  e q u a t i o n  ( 4 ) .  Toward t h i s  goa l  we w i l l  make u s e  
o f  t h e  f o l l o w i n g  r e l a t i o n  between element  volumes i n  
bo th  c o o r d i n a t e  systems:  
where I J (  i s  t h e  de t e rminan t  o f  t h e  J a c o b i a n  m a t r i x .  
Then, t h e  a p p r o p r i a t e  form o f  e q u a t i o n  ( 4 )  t o  be e v a l u a t e d  i s  
-1 -1 -1 
Equat ion  (15)  i s  e v a l u a t e d  numer i ca l l y  i n  t h e  RETSCP 
program. The method employed i s  wo p o i n t  Gaussian 
i n t e g r a t i o n  based on t h e  f o l l o w i n g  q u a d r a t u r e  formula :  
Of c o u r s e ,  t h e  i n t e g r a t i o n  i s  c a r r i e d  o u t  o v e r  t h r e e  
v a r i a b l e s  t o  e v a l u a t e  e q u a t i o n  (15) .  Thus,  t h e  te rms  i n  t h e  
i n t e g r a n d  must be e v a l u a t e d  a t  e i g h t  Gauss p o i n t s  w i t h i n  
t h e  e i g h t  node box. 
One key p o i n t  r e m a i n s  t o  b e  made a b o u t  t h e  i s o p a r a m c t r i c  
e l e m e n t  u s e d  i n  RETSCP. 'Che e lonwnt  d e s c r i b e d  abovc  was 
based on  e i g h t  1 i n e a r  s h a p e  l u n c t i o n s ,  cquit t  i o n s  ( 5 ) .  
The HETSCP c l e m e n t  u s e s  t h o s e  e i g h t  f u n c t i o n s  p l u s  t h e  
q u a d r a t i c  f u n c t i o n s  l i s t e d  below: 
I n c l u d i n g  t h c s u ,  t h e  c l e m e n t  has  33 J c y r c c s  o f  frecdont  
(11 f u n c t i o n s  times 3 d i m e n s i o n s ) .  Thus ,  t h e  q u a d r a t i c  
terms imply a  h i g h e r  o r u e r  c l c m c n t .  'The f u n c t i o n s ,  
e q u a t i o n s  (17). a r c  n o t  associated w i t h  any s p e c i f i c  p o i n t  
i n  s p a c e .  For t h i s  r cuso l r ,  the): a r e  tc rmcd n o J c l c s s  
v a r i a b l e s .  The n i n e  i n t e r n a l  v a r i a b l e s  a r c  c l i n l i n s t e d  
i n t e r n a l l y  w i t h i n  t h e  prograni by  t h e  t c c h n i q u c  d c s c r i b c d  
i n  Z i c n k i e w i c z ,  R e i c r e n c e  1. P h y s i c a l l y  t h i  s iamounts 
t o  s e p a r a t e l y  m i n i m i z i n g  s t r a i n  c n e r g y  w i t h  r e s p e c t  t o  t h e  
v a r i a b l e s  which a r e  i n d e p e n d e n t  o f  t h e  s u r r o u n d i n g s  
( o t h e r w i s e  c a l l e d  s t a t i c  c o n d e n s a t i o n ,  K e f e r e n c c  3 ) .  
F i n a l l y ,  the s t i f f n e s s  m a t r i x  i s  o b t a i n c d  f o r  each i s o p a r u n m t r i c  
e l e m e n t  by t h e  a b o v e  p r o c e d u r e .  Then,  t h c  n l a s t c r  s t i f f n e s s  
matrix c a n  be a s s e m b l e d  f o r  t h e  e n t i r e  s t r u c t u r e .  
Boundary Cond i t i ons  
Once t h e  mas t e r  s t i f f n e s s  m a t r i x  has  been assembled,  t h e  
o b j e c t i v e  i s  t o  s o l v e  t h e  govern ing  e q u a t i o n s  s u b j e c t  
t o  t h e  a p p r o p r i a t e  boundary c o n d i t i o n s .  That i s ,  t o  
solve t h e  system o f  e q u a t i o n s  ( I ) ,  which a r c  r e w r i t t e n  
below: 
The s t r e s s  boundary c o n d i t i o n  i s  a u t o m a t i c u l l y  s a t i s f i c  
Namely, f o r c e s  a t  nodes on a f r e e - s u r f a c e  a r e  z e r o  i n  t h e  
normal d i r c c t i o n .  
P r e s c r i b e d  Boundary Fo rces :  P r e s c r i b e d  force v a l u e s  
of  Pj a t  t h e  co r r e spond ing  node a r e  t r e a t e d  s imply  by 
r e p l a c i n g  F by Pj  i n  t h e  f o r c e  v e c t o r .  j 
Prescribed Displacements: Prescribed displacement conditions 
are treated by modifying the force vector and stiffness 
matrix. Say the jth displacement is to be prescribed 
as ' j* First, xeplace F by F. where j J 
Then, replace the jth row an3 column in the stiffness matrix 
by zero except k which is replaced by 1. This is j j 
tantamount to eliminating one equation; yet the size 
of the matrix is not reduced. 
As an example of the above procedure, assume ul has the 
prescribed value a. Then, the resulting equations are 
Symmetry Condition: The symmetry condition is represented 
by zero displacement normal to the plane of symmetry 
and no restraint along the plane of symmetry (sliding 
boundary). The symmetry plane is often skew with respect 
to the physical coordinate axis. This is the case for 
a wedge segment with axi-symmetry. Thus, we will derive 
a transformation to treat skew boundary conditions. 
Referring to Figure 2, the displacements in the (x, y) 
system are (u, v). The skew system (x', y') has a rotation 
of the x-axis of magnitude 8 (positive for rotation of 
x-axis toward y-axis). The displacements are related 
as follows: 
The original element properties were evaluated in the 
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Figure 2. Notation for coordinate transformation. 
The amount of work done is the samc in both systems. 
That is, 
Thus, we introduce the modified stiffness matrix below 
If, the boundary conditions are introduced in skew coordinate 
directions; then, the corresponding force and displacement 
results are in the skew directions. The entire procedure 
is carried out internally within the program by multiplying 
the appropriate rows and columns in the master stiffness 
matrix by the appropriate sin-cos terms. It goes without 
saying that only those nodes with skew coordinates need 
be treated, The final results are then transformed back 
into the physical coordinate systems. 
Method of Solution 
The set of joverning equations is solved in the RETSCP 
program by Gaussian elimination. The master stiffness 
matrix is partitioned in the interest of computational 
efficiency. The governing equations can be written as 
matrix equations in terms of submatrices. For example, 
The term A 1  is eliminated from equation ( 2 6 )  to give: 
where, 

The t empera tu re  d i f f e r e n c e ,  r e f e r r e d  t o  a  s t r e s s  f r e e  s t a t e ,  
i s  inpu t  d a t a  f o r  each e lement .  Of c o u r s e ,  a  s u i t a b l e  
ave rage  v a l u e  mus t  be u;ed f o r  each  e n t i r e  e lement ,  
The f r e e  thermal  growth o f  each  element  i s  computed, 
Based on t h e  e lement  s t i f f n e s s ,  t h e  nodal  f o r c e s  r e q u i r e d  
t o  mechanica l ly  produce t h e  thermal  growth a r e  de te rmined .  
These f o r c e s  a r e  t hen  added t o  t h e  f o r c e  v e c t o r  o f  t h e  
e n t i r e  assembly.  Loads and d e f l e c t i o n s  a r e  computed a s  
u s u a l  f o r  t h e  assembled s t r u c t u r e .  The s t r e s s  r e s u l t s  
a r e  a d j u s t e d  by adding  t h e  f u l l y  r e s t r a i n e d  thermal  stress 
l e v e l  f o r  each element .  The r e s u l t  i s  t h e n  t h e  a c t u a l  
mechanical  s tress s t a t e .  
B i -L inea r  P l a s t i c i t y  
The RETSCP program t r e a t s  p l a s t i c  m a t e r i a l  behavior  by 
a d j u s t i n g  t h e  m a t e r i a l  p r o p e r t i e s  and i t e r a t i n g  upon t h e  
e l a s t i c  s o l u t i o n .  This  i s  t h e  s e c a n t  modulus procedure  
which was employed i n  many p rev ious  two d imens iona l  f i n i t e  
e lement  programs ( c . f . ,  References  6 and 7 ) .  
A conlplete t r e a t m e n t  o f  p l a s t i c  m a t e r i a l  behavior  i s  g iven  
i n  Reference 8. For t h e  purpose  a t  hand, i t  i s  s u f f i c i e n t  
t o  s ay  t h a t  t o t a l  deformat ion  t h e o r y  i s  used;  and,  y i e l d i n g  
i s  based on t h e  Von Mises c r i t e r i a .  For each  element  i n  
the structure, the average value of the equivalent 
(or effective) stress is coaputed. That is, the average 
value of the following: 
Then, according to the Von Mises yield criteria, yielding 
occurs if is greater than the yield stress from the 
e 
uniaxial stress-strain test. For plastic behavior, equivalent 
stress and plastic strain are related via the uniaxial stress- 
strain curve as shown in Figure 3. 
The RETSCP program employs a bi-linear approximation for 
the uniaxial stress-strain curve. The curve is defined 
by elastic modulus E, yield stress level and plastic 
Y* 
modulus mE. Plastic modulus and yield can be input as 
functions of temperature. An example of the bi-linear 
stress-strain curve is shown on Figure 4. 
The essence of the secant modulus formulation is as follows. 
First, conduct an elastic structural analysis. Compute 
effective stress and check each element for yielding. 
For elements which indicate yielding, define a new elastic 
modulus called the secant modulus. The secant modulus is 
based on the bi-linear stress-strain curve at the strain 
level corresponding to the elastic result; that is, ctOtal. 
Figure 3. Relation between equivalent stress and equivalent 
plastic strain. 
Figure 4. Bi-linear stress-strain curve. 
Figure 5. Secant modulus ?losticity iteration. 
Associated with ctotal is a bi-linear stress intercept anew. 




The secant Poisson's ratio, defined to give a consistent 
stress-strain relation, is as follows: 
v 
sec 
- 1  1 E z -Q- v) 3CC 
E 
Now, an e l a s t i c  ana lys i s  i s  again conducted. The s t i f f n e s s  
matrix,  however, i s  based on Esec and vse, f o r  p l a s t i c  
elements and E and v f o r  e l a s t i c  elements. The e n t i r e  
procedure is  repeated and convergence is achieved a f t e r  a  
few i t e r a t i v e  cycles .  The process i s  indicated schematical ly 
i n  Figure 5. 
Cycl i c  Loading 
Two e f f e c t s  of c y c l i c  loading must be considered. F i r s t ,  
t he re  i s  t he  e f f e c t  of cycl ing on t h e  mate r ia l  p rope r t i e s  
(see Reference 9 ) .  The e f f e c t  of  s t r a i n  hardening 
(or  sof tening)  can be introduced i n  t he  program on a  
cycle  by cycle  bas i s ;  o r ,  the  c y c l i c  s t r e s s - s t r a i n  curve 
can be input .  
The second e f f e c t  is the  r e s u l t  of p l a s t i c  deformations 
during one hal f  of  the  loading cycle .  Upon removal of 
the  load,  r e s idua l  s t r e s s e s  (or  s t r a i n s )  r e s u l t  when 
p l a s t i c  flow has occured. The r e s i d u a l s ,  i n  f a c t ,  may 
be s u f f i c i e n t l y  l a rge  t o  a l s o  cause p l a s t i c  deformation. 
Thus, a  s t r e s s  (or  s t r a i n  cycle)  i s  generated. 
The plastic strain components are related to the stress, 
effective stress, and effective plastic strain as follows: 
For rocket engine configurations, the shear strains are 
relatively small. Another quantity of interest is the 
equivalent total strain. This value is computed from 
the total strain components as follows: 
2 
'et 
2 21EX-Ey) *(C~-L~) + ( c ~ - c ~ )  2+  6 ( y Z  
The plastic strain based on this value is then 
Equivalent total strain, in itself, has no physical significance. 
Within the RETSCP program, the plastic strain components 
and equivalent total strain are computed for each element 
which has yielded. The residual strain components are 
then provided as punch card output for successive run 
calculations. 
The residual strains are read into the program as input 
data for the computation of successive loadings. The 
strains are combined with the thermal strains and analyzed 
in the same manner. That is, the loads at each nodal 
point required to produce the residual strain values are 
computed and added to the assembled load vector. This 
point will be emphasized by example in a later section 
of this document. 
PROGRAM LOGIC 
The RETSCP program logic is described in this section. 
The general logic is discussed and the program flow iagram 
is given. Some specific points are made conce~ning the 
subroutine details. The detailed listing of the RIrSCP 
program is given in Appendix B. 
General Logic 
The ge~eral RETSCP program logic is to follow the analytical 
procedures outlined in the previous chapter to obtain 
the desired finite element results. 
The computational logic is controlled by the main program 
RETSCP. Subroutines are called as required to perform 
specific calculations. An overlay structure for subroutines 
is employed to reduce core storage requirements. In this 
manner, a specific calculation is performed in a subroutine, 
the results are put onto tape st~rage (seven tape units 
are utilized), and core storage locations occupied by that 
subroutine are released for reuse. 
The above core storage management procedures allowed the 
RETSCP program size (number of elements) to be greatly 
enlarged from the original ISOPAR program size. In fact, 
the program was enlarged to fully utilize the available 
core storage of the IBM 7094 computer. 
The data is read into RETSCP from punch cards. For each 
element, the elastic properties and stiffness matrix 
are computed (FEM3D). The master stiffness m r t - i r  is formed 
and the boundary values are incorporated (MATRIX). The 
system of equation is solved by Gaussian elimination 
(SOLVE), and the resulting force and displacement values 
at each ncdal point are printed out. The elastic stress 
components and equivalent s t r e s s  values .!-- computed for 
each element (STRESS). Now, ;f the equivalent stress 
exceeds the yield stress a plastic iteration is performed. 
The iteration consists of: first, compute the values of 
secant modulus and Poisson's ratio (STRESS); then, use 
these values to recompute the elastic properties and stiffness 
matrix for each element (FEM3D); finally, complete the 
solution steps above. When the required number of 
iterations have been p rformed, the stress results are 
printed and the residual plastic strains and current 
secant modulus values are punched oil cards to allow cycling 
and restart. 
The flow diagram representing the above steps is given 
in the following section. 
Flaw Diagram 
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The User's Manual s e c t i o n  c o n t a i n s  a l l  i n s t r u c t i o n s  n e c e s s a r y  
t o  p r e p a r e  d a t a  f o r  t h e  RETSCP progr.:m. Modeling o f  t h e  
s t r u c t u r e  and p r e p a r a t i o n  o f  t h e  r e q u i r e d  i n p u t  d a t a  c a r d s  
a r e  d e s c r i b e d  i n  d e t a i l .  Some comments about  program o u t p u t  
a r e  i nc luded  and sample c a s e  r e s u l t s  a r e  g iven .  
The i n p u t  f o r  RETSCP c o n s i s t s  o f  punch c a r d  d a t a  which d e f i n e s  
t h e  s t r u c t u r a l  geometry,  boundary c o n d i t i o n s ,  and m a t e r i a l s  
p r o p e r t i e s .  
The s t r u c t u r e  i s  d i v i d e d  i n t o  box shaped e lements  which a r e  
connected by c o r n e r  nodes. The fo l lowing  p rocedure  f o r  
l o c a t i n g  nodes and e lements  i s  quoted  d i r e c t l y  from Reference  2.  
\ ( a )  The 3-d imens iona l  s o l i d  i s  d i v i d e d  by a  number 
of n o n - i n t e r s e c t i n g  s u r f a c e s .  (Much l i k e  s l i c i n g  a 
l o a f  o f  b read . )  The s u r f a c e s  need n o t  be f l a t  o r  
p a r a l l e l ,  though t h e y  f r e q u e n t l y  a r e .  
(b)  Each such s u r f a c e  i s  f u r t h e r  subdiv ided  by a  
number o f  n o n - i n t e r s e c t i n g  l i n e s .  (Much l i k e  t h e  
l i n e s  on a  p i e c e  o f  paper . )  The l i n e s  need n o t  be  
s t r a i g h t  o r  p a r a l l e l ,  though t h e y  f r e q u e n t l y  a r e .  
( c )  Each such  l i n e  i s  f u r t h e r  subd iv ided  i n t o  a  number 
o f  d i v i s i o n s  t o  g i v e  t h e  noda l  p o i n t s .  Nodal p o i n t s  
a r e  numbered i n  sequence  a l o n g  each  l i n e ,  l i n e  by l i n e ,  
and s u r f a c e  by s u r f a c e .  
(d )  The nodes on  each  s u r f a c e  a r e  s a i d  t o  be long  t o  
t h e  same p a r t i t i o n .  i ' a r t i t i o n s  a r e  numbered i n  sequence  
from one s i d e  o f  t h e  s o l i d  t o  t h e  o t h e r .  (The f i r s t  
p a r t i t i o n  c o n t a i n s  t h e  f i r s t  nodal  p o i n t s . )  
(e)  The number o f  d i v i s i o n s  i n  a d j a c e n t  l i n e s  c a n  
v a r y  t o  p r o v i d e  f o r  g r a d i n g  o f  t h e  mesh. 
( f )  8 -no ied  box e lements  a r e  formed between a d j a c e n t  
s u r f a c e s .  They a r e  numbered s e q u e n t i a l l y  between each  
p a i r  o f  a d j a c e n t  s u r f a c e s .  The numbering c o n t i n u e s  
f o r  s u c c e s s i v e  a d j a c e n t  s u r f a c e s  i n  t u r n  go ing  f ram 
one s i d e  t o  t h e  o t h e r  o f  t h e  s o l i d  s t r u c t u r e .  (Al though 
i n  t h e o r y  t h e  boxes need n o t  be " squa reu ,  i t  i s  recommended 
t h a t  t hey  be a s  "square" a s  t h e  shape  o f  t h e  s t r u c t u r e  
p e r m i t s . )  The f i r s t  e lement  has  nodes i n  t h e  f i r s t  
p a r t i t i o n .  
The d e t a i l e d  d a t a  c a r d s  r e q u i r e d  t o  e x e c u t e  t h e  RETSCP program 
a r e  l i s t e d  below. Examples o f  t h e  d a t a  p r e p a r a t i o n  w i l l  b e  
g i v e n  i n  a  subsequent  s e c t i o n .  
Card Group 1: I d e n t i f i c a t i o n  Card 
Number o f  Cards:  1 
Number of p a r t i t i o n s  ( 9  maximum) 
Number o f  nodes (225 maximum/25 p e r  p a r t i t i o n  maximum) 
Number of e l emen t s  (96 n1aximum/32 p e r  p a r t i t i o n  maximum) 
Number of  p r e s c r i b e d  d i sp l acemen t  nodes (225 maximum) 
Number o f  m a t e r i a l s  ( 5  maximum) 
Number o f  d e g r e e s  o f  freedom a t  each  node (a lways 3) 
Number o f  nodes w i t h  a p p l i e d  l o a d s  (225 maximum) 
S t a r t i n g  p l a s t i c i t y  i t e r a t i o n  number: 1, no i t e r a t i o n s  
o r  2 ,  i t e r a t i o n  s t a r t i n g  from e l a s t i c  s o l u t i o n  
o r  n ,  i t e r a t i o n  s t a r t i n g  from punch c a r d  i n p u t  
based on  i t e r a t i o n  nunber (n -1 )  . 
F i n a l  p l a s t i c i t y  i t e r a t i o n  number 
Punch o u t p u t  code  f o r  s u c c e s s i v e  i t e r a t i o n s  
o r  1, p r o v i d e  punch o u t p u t  
Res idua l  s t r e s s  code: 0 ,  no r e s i d u a l  s t r a i n s  
o r  1, r e a d  i e s i d u a l  s t r a i n  c a r d  d a t a  
0 ,  no punch 
o u t p u t  
i n p u t  
Card Group 2: Coordinate Data 1 I Number o i  Cards: 1 per  node i n  o r d e r  
Format: 3F16.4 I 
1. x-coord ina te  ( inches )  
2. y -coordinate  ( inches)  
3. z -coore ina te  ( inches)  
b 
Card Group>: Node Number Carc 
Number of Cards: 1 
Format: J 4  
t - 1. Number of nodes --- 
Card Group 4 :  P a r t i t i o n  I d e n t i f i c a t i o n  
Number of Cards: 1 per  p a r t i t i o n  i n  ordey 
Format : 4 I4 
1. F i r s t  element number i n  p a r t i t i o n  
2 .  Las t  element number i n  p a r t i t i o n  
3. F i r s t  node number i n  p a r t i t i o n  
4 .  I*as t  node number i n  pa r t i t i011  
Card Group 5: M a t e r i a l s  I d e n t i f i c a t i o n  
I Number o f  Cards: 2 c a r d s  p e r  m a t e r i a l  I Format: f i r s t  c a r d  3F16.4 I I second c a r d  4F16.4 I 
Card 1: 1. Young's modulus ( p s i )  
2. Poisson ' s  r a t i o  
3. C o e f f i c i e n t  of  thermal expansion t imes l o 6  ( i n /  i n / ~ f  
Card 2: 1 Yie ld  s t r e s s  a t  r e f e r e n c e  tempera ture  ( p s i ) ,  r o  
2 .  Yield tempera ture  g r a d i e n t  (psi/OF) , A 1  
3 .  P l a s t i c  modulus t imes  l o 3  a t  r e f e r e n c e  
tempera ture ,  mo 
4 .  P l a s t i c  modulus tempera ture  g r a d i e n t  
t imes 106(1/0~) , 1 
Note, Card 2 va lues  above a r e  based on t h e  fo l lowing equa t ions :  
The v a l u e  o f  Tmust correspond t o  t h e  r e f e r e n c e  v a l u e  
on Card Group 7. 
. . _ _ _ . . " .  _ .. - . -.- -. *. _. . -. - --- . -.--- 
Card Group 6: P r e s t r a i n  Data (can be omit ted)  
Number of  Cards: 1 per  element 
Format: 16, 3FlS.8 
- 
1. Element Number 
2. Yres t ra in  i n  x -d i r ec t i on  
3. P r e s t r a i n  i n  y - d i r e c t i o n  
4. P r e s t r a i n  i n  2 -d i r ec t i on  
( Card Group 7 1  Element I d e n t i f i c a t i o n  
I Number o f  Cards: 1 per element i n  o rder  
Format : 
1.-8.  Eight  nodal po in t  numbers -
1 9 *  Mater ia l  Number 1 10.  Temperature excess over r e f e r ence  va lue  
-- - - - - - 
The e i g h t  nodal numbers r e f e r r e d  t o  above a r e  obta ined 
f o r  each element : 
(a )  Pick a f a ce  t o  be c a l l e d  t h e  top ;  
(b) Look down through t h e  top  t o  t h e  bottom face ;  
(c)  List node numbers clockwise around t h e  bottom 
f a c e  (4 va lues ) ;  
(d) L i s t  co inc iden t  node numbers clockwise around 
t h e  top  f a c e  ( 4  values)  s t a r t i n g  wi th  t h e  node 
above t h e  f i r s t  node on t he  bottom f ace .  
IdCroup Element Number Card I 
Number of Cards: 1 
I Format : 14 I 
1. Number of elements 
+ " 
Card Group 9: Displacement Boundary Conditions 
Number of Cards: 1 for each node with 
prescribed displacement 
Format : 414, 4F16.8 
Nodal number 
0 if x-displacement is prescribed; 1 if not 
0 if y-displacement is prescribed; 1 if not 
0 if z-displacement is prescribed; 1 if not 
value of x-displacement (inches) 
value of y-displacement (inches) 
value of z-displacement (inches) 
angle of rotation of x-axis toward original y-axis (deg.) 
Sufficient displacement boundary condition data must be 
given to fix the body in space. 
Card Group 10: Force Boundary Condit ions 
Number of Cards: 1 per  node with 
p resc r ibed  fo r ce  
Format: 1 4 ,  4F16.4 
1. Nodal number 
2. x- force  (pounds) 
3. y-force  (pounds) 
4 .  z - fo rce  (pounds) 
Card Group 11: I t e r a t i o n  Data (can be omit ted)  
Number of Cards: 1 per  element 
Format : 16, F20.2, F10.4 
1. Element number 
2. Secant Young's modulus ( p s i )  
3. Secant Poisson's  r a t i o  
Output  
The HETSCP o u t p u t  c o n s i s t s  o f  punched c a r d s  and p r i n t e d  d a t a .  
Punch c a r d s  a r e  p rov ided  i n  c o n j u n c t i o n  w i t h  p l a s t i c  
s t r a i n  a n a l y s i s .  I f  r e q u e s t e d  p e r  Card Group 1, t h e  
s e c a n t  modulus and s e c a n t  P o i s s o n ' s  r a t i o  a r e  punched 
a f t e r  t h e  f i n a l  i t e r a t i o n  o f  t h a t  run .  Th i s  a l l o w s  t h e  
i t e r a t i v e  p r o c e s s  t o  be  c o n t i n u e d  wi thou t  recomputing 
t h e  i n i t i a l  i t e r a t i o n s .  For p l a s t i c i t y  a ~ l a l y s i s ,  t h e  
r e s i d u a l  p l a s t i c  s t r a i n  v a l u e s  a r e  a u t o m a t i c a l l y  punched 
f o r  t h e  f i n a l  i t e r a t i o n  o f  t h a t  run .  Th i s  d a t a  c a n  b e  
i n p u t  d i r e c t l y  f o r  subsequent  s t r a i n  c y c l i n g  c a l c u l a t i o n s  
(Card Group 6 ) .  S e c a n t  v a l u e s  and r e s i d u a l  s t r a i n s  a r e  
a u t o m a t i c a l l y  p r i n t e d  a t  t h e  end o f  t h e  p r i n t e d  o u t p u t  
when t h e  above c a r d s  a r e  punched. 
The p r i n t e d  o u t p u t  s t a r t s  w i t h  a l i s t  o f  t h e  i n p u t  d a t a ,  
Note ,  t h a t  t h e  fo rma t s  may be  s l i g h t l y  d i f f e r e n t  from 
t h e  i n p u t .  For example, Cards  1 and 2 i n  Group 5 a r e  
p r i n t e d  i n  r e v e r s e  o r d e r  (Card 2 ,  t h e n  Card 1 ) .  Also  
Card Groups 3 and 8 a r e  o m i t t e d .  The i n p u t  d a t a  i s  
p r i n t e d  f o r  check ing  and debug pu rposes .  
The f o r c e s  and d i sp l acemen t s  a t  each nodal p o i n t  a r e  
l i s t e d .  Values a r e  g iven  i n  t h e  r o t a t e d  and r e c t a n g u l a r  
c o o r d i n a t e  systems.  The nodal  f o r c e  d a t a  o u t p u t  was 
i n c o r p o r a t e d  t o  a l l o w  numerical  e v a l u a t i o n  o f  t h e  n e t  
s e c t i o n  f o r c e  ( such  a s  r o c k e t  eng ine  t h r u s t  f o r c e ) .  
D e t a i l e d  s t r e s s - s t r a i n  d a t a  is  g iven  f o r  each element .  
The stress and s t r a i n  components a t  t h e  c e n t e r  o f  each  
element  f a c e  a r e  p r i n t e d  a s  w e l l  a s  t h e  c o o r d i n a t e s  o f  t h e  
f a c e  c e n t e r  p o i n t .  The ave rage  s t r e s s  components f o r  each 
element  a r e  a l s o  l i s t e d .  The e f f e c t i v e  s t r e s s  which i s  
computed i n  t h e  program is  based  on  t h e  ave rage  s t r e s s  
components. The y i e l d  check d a t a  a r e  t h e n  summarized 
i n  t h e  o u t p u t .  Th i s  summary c o n s i s t s  o f  e f f e c t i v e  s t r e s s ,  
y i e l d  s t r e s s ,  t o t a l  s t r a i n ,  p l a s t i c  s t r a i n ,  and s e c a n t  
v a l u e s  f o r  each element .  
I f  p l a s t i c i t y  i t e r a t i o n s  a r e  performed;  t h e n  a l l  o f  t h e  
above o u t p u t  d a t a  i s  g i v e n  f o r  each  i t e r a t i o n .  Samples 
o f  o u t p u t  d a t a  w i l l  be p r e s e n t e d  a s  p a r t  o f  t h e  n e x t  
s e c t i o n .  
Sample Case R e s u l t s  
Three  sample c a s e  s o l u t i o n s  a r e  p r e s e n t e d  i n  t h i s  s e c t i o n .  
The c a s e s  were s e l e c t e d  t o  demons t r a t e  t h e  c a p a b i l i t i e s  
o f  t h e  RETSCP program by s u c c e s s i v e l y  i n t r o d u t i n g  new 
concep t s .  E l a s t i c  behav io r  o f  a n  i s o t h e r m a l  s t r u c t u r e  
i s  t r e a t e d  f i r s t .  Then, s l i d i n g  bounda r i e s  and p l a s t i c  
s t r a i n s  a r e  i n t r o d u c e d ,  F i n a l l y ,  t he rma l  l o a d s  and 
s t r a i n  c y c l i n g  a r e  i l l u s t r a t e d .  
C a n t i l e v e r  Beam: Cons ider  t h e  c a n t i l e v e r  beam w i t h  concen-  
t r a t e d  t i p  l oad  shown i n  F i g u r e  6. The m a t e r i a l  i s  s t e e l  
and t h e  t i p  l o a d  i s  s u f f i c i e n t l y  low t h a t  e l a s t i c  behav io r  
i s  gua ran t eed .  The beam i s  d i v i d e d  i n t o  f o u r  e l emen t s  
a s  shown i n  F i g u r e  6 .  The i n p u t  d a t a  and computer o u t p u t  
r e s u l t s  a r e  p r e s e n t e d  i n  Appendix C .  The bending s t r e s s  
a t  t h e  o u t e r  f i b e r  i s  compared wi th  t h e  e x a c t  s o l u t i o n  
i n  F i g u r e  7 .  The d e f l e c t i o n  o f  t h e  nodal  p o i n t s  normal 
t o  t h e  n e u t r a l  a x i s  (6,)  i s  compared w i t h  t h e  e x a c t  
r e s u l t  i n  F igure  8 .  Th i s  example i l l u s t r a t e s  t h a t  e x c e l l e n t  
r e s u l t s  c a n  be ach ieved  w i t h  models hav ing  few e l e m e n t s ,  
X 
p a r t i t i o n  number 
Load: P Z P O . 5 l b s .  (2 .224 Newton) 
S i z e :  L, = 1 . 0  i n .  (2 .54 cm) 
L~ - 4 .0  i n .  (10.16 cm) 
L z  = 1 . 0  i n .  (2 .54  cm) 
Matl . :  E = 30 x l o 6  p s i  (20.68 x l o 6  ~ / c m ~ )  
Figure 6 .  Cant i lever  beam sample c a s e  conf igura t ion  
Bending s t r e s s ,  by] = - 0 . 5  i n  
( - 1 . 2 7  cm) 
p s i  
2 4 
Figure 7 .  Outer f i b e r  bending s t r e s s  f o r  c a n t i l e v e r  beam example. 
Def lec t ion ,  6 
1 lr 
1 .  2 .  
y ( inches)  
Figure 8 .  Nodal point def lec t ion  ( 6 , )  for  cant i lever  beam 
example. 
Thick Wall Cyl inder :  The second example c a s e  is  t h e  s t r e s s  
d i s t r i b u t i o n  i n  a t h i c k  wa l l  c y l i n d e r .  Due t o  t h e  symmetry, 
t h e  s t r u c t u r e  can  be modeled by t h e  t h i n  wedge segment 
shown i n  F igure  9. The boundary c o n d i t i o n ,  w i t h  p r e s s u r e  
l o a d  on t h e  i n n e r  r a d i u s ,  i s  zero d isp lacement  i n  t h e  
t a n g e n t i a l  d i r e c t i o n  and freedom t o  move i n  t h e  r a d i a l  
d i r e c t i o n  (symmetry c o n d i t i o n ) .  The f i n i t e  element e l a s t i c  
s t r e s s  r e s u l t s  f o r  t h e  c o n f i g u r a t i o n  shown i n  F i q u l e  9 
a r e  compared wi th  t h e  exac t  p l a n e - s t r a i n  t h i c k  wall 
c y l i n d e r  s o l u t i o n  i n  F igure  10. 
I f  t h e  s t r e s s  c o n d i t i o n s  i n  t h e  c y l i n d e r  a r e  s u f f i c i e n , t l y  
l a r g e ,  y i e l d i n g  w i l l  occur .  A c l o s e d  form s o l u t i o n  was 
ob ta ined  by Mendleson (Reference 8)  based on t h e  Tresca 
y i e l d  c r i t e r i a  ( i . e . , ae  -a r>oo) .  Y ie ld ing  under c o n d i t i o n s  
of  i n t e r n a l  ~ i t e s s u r e  w i l l  occur  from t h e  i n n e r  w a l l  t o  
some r a d i u s  p = r = pc . The p l a s t i c  and e l a s t i c  s t r e s s  
xi 
d i s t r i b u t i o n s ,  according  t o  Reference 8,  based on b i - l i n e a r  
m a t e r i a l  behavior  a r e  a s  fo l lows:  
a l l p  
where, 
The quantity B is Ro/Ri and the value of pc is computed from @wt : ~ , n  (44) 
belaw: 
St ress  values for  the configuration shown in  Figure 9 
were obtained by the f i n i t e  element method and by closed 
form solut ion with r e s u l t s  shown i n  Figure 11. 
The difference between the two s e t s  of r e s u l t s  i s  due :c 
the d i f f e ren t  yield c r i t e r i a  employed. Recall tha t  
WETSCP uses the Von Mises yield c r i t e r i a ;  whereas, the 
closed form solut ion i s  based on the Tresca c r i t e r i a .  
Specific input data  for  t h e  thick wall cylinder example 
i s  given i n  Appendix D along w i t h  the computed resu l t s .  
Note, tha t  the e l a s t i c  solut ion is  generated a s  a 
by-product of the p l a s t i c  analysis  ( f i r s t  i t e r a t i o n ) .  
Summary data only i s  given for  i t e r a t i o n  numbers 2 ,  3,  
4 ,  and 5. 
odd number nodes at z -0 
z into paper even number nodes at 2-0.1 in. 
(.254 cm) 
R0=2.0 in. 




Figure 9. Configuration for thick wall cylinder example. 
S t r e s s  
( ~ / c m ~  
f i n i t e  element 
r e s u l t s  
f c l o s e d  form s o l u t i o n  
(cm) 










Figure 11. Stress distribution in plastic thick wall cylinder. 
-54- 
Heated Element Cycling: A s  a f i n a l  example we cons ide r  
a s i n g l e  cub ic  element which i s  cyc led  between two temp- 
e r a t u r e  l i m i t s .  Two o p p o s i t e  f a c e s  of t h e  cube a r e  f i x e d ,  
The temperature range is s u f f i c i e n t l y  g r e a t  t h a t  t h e  
element s t r e s s  exceeds t h e  y i e l d  stress. Thus, t h i s  is  
a n  example o f  p l a s t i c  thermal s t r a i n  cyc l ing .  
The simple f i n i t e  element model i s  shown i n  Figure 1. 
A sample of t h e  d a t a  inpu t  and ou tpu t  a r e  g iven  i n  Appendix 
E. The corresponding s t r e s s - s t r a i n  loop i s  dep ic ted  
g r a p h i c a l l y  i n  Figure 13. 
A s  t h e  m a t e r i a l  i s  cooled from i t s  s t r e s s  f r e e  s t a t e ,  
e l a s t i c  s t r e s s e s  a r e  b u i l t  up u n t i l  t h e  y i e l d  p o i n t  i s  
reached ( p o i n t  "aw i n  Figure 13).  Continued cool ing  causes  
p l a s t i c  s t r a i n  t o  t h e  l e v e l  i n d i c a t e d  by p o i n t  "bW. The 
t o t a l  s t r a i n  a t  "bw corresponds t o  t h e  coo l ing  thermal 
s t r a i n .  The p o i n t  "cW corresponds t o  t h e  p l a s t i c  s t r a i n  
r e s i d u a l  due t o  cool ing .  
The p o i n t  "cW is  t h e  s t a r t i n g  p o i n t  f o r  t h e  hea t ing  cyc le .  
A s  t h e  m a t e r i a l  i s  heated ,  e l a s t i c  changes occur along t h e  
l i n e  c-d. P l a s t i c  changer due t o  hea t ing  occur along t h e  
l i n e  d -e - f .  Po in t  "eV corresponds t o  t h e  r e s i d u a l  s t r e s s  
s t a t e  a t  t h e  o r i g i n a l  r e f e r e n c e  temperature.  Thus, t h e  
p l a s t i c  s t r a i n  r e s u l t i n g  from t h e  coo l ing  h a l f  cyc le  i s  t h e  
p resc r ibed  displacement  f o r  a subsequent a n a l y s i s .  
Upon heating the cube, we follow the plastic strain line 
d-e to point **ftt. The plastic strain at *'gt* then gives 
rise to the residual stress state **it* as the material 
returns to its original temperature. 
For multi-element structures, the residual stress-strain 
levels during plastic cycling are determined by inputing 
the plastic strain values of all elements and solving 
the residual stress equations for the assembly. 
=o = 5600 psi (3,861 N/cm2) 
m = 4 . 0 4 ~ 1 0 - 3  
E = 17.65 x lo6 psi (12.17 x lo6 N/cm2) 
v = -33 
a = 9.8 x in/in/OF (17.7 x cm/cm/OC) 
ATho t = +200°F (+lll"c) 
ATcold = - 2 0 0 ~ ~  (-lllOc) 
Figure 12. Configuration for heated element cycling example. 
s tress  
f W m 2 )  
Figure 13. s tress-strain loop for heated element qq-l ing 
example. 
APPENDIX A--SYMBOLS 
Matrix of differential functions, Eq. (Z), (10) 
Elastic matrix, Eq. (7) 
Modulus of Elasticity 
Secant modulus, Eq. (33) 
Force at nodal point j 
Modified force vector, Eq. (19) 
Equivalent force vector, Eq. (27) 
(in Gaussian elimination method) 
Force vector in skew coordinate system 
Jacobian matrix, Eq. (11) 
Master stiffness matrix, Eq. (1) 
Equivalent stiffness matrix, Eq. (27) 
(in Gaussian elimination method) 
Partitioned stiffness matrix elements 
Element stiffness, Eq. (18) 
Length, or transformation matrix for skew 
coordinate system, Eq. (21) 
Plastic modulus ratio 
Plastic modulus ratio at reference temperature 
times lo3 
Parametric functions at nodal point n, Eq. (5) 
Load 
Pressure 




Radius at yield surface 
Temperature 
Displacement of nodal point n in x-direction 
Displacement of nodal point n in xO-direction 
Differential element of volume 
Displacement of nodal point n in y-direction 
Displacement of nodal point n in ye-direction 
Displacement of nodal point n in 2-direction 
Cartesian coordinate system 
Skew coordinate system 
(rotated by angle 8 from x-y) 
APPENDIX A--SYMBOLS, Cont'd 
Thermal expansion coefficient 
jth prescribed displacement, Eq. (19) 
Ratio %/Rip Eq. (44) 
Ratio Ro/rc 
Shear strains components, Eq. (8) 
Plastic shear strain, Eq. (35) 
Displacement in the partitioned matrix, Eq. (26) 
Displacement matrix, Eq. (I), (2) 
Displacement in the skew coordinate system, Eq. (23) 
Displacement at the nodal point n, Eq. (18) 
Strain matrix, Eq. (2) 
Plastic strain, Fig. 3 
Total strain, Eq. (33) 
Equivalent total strain, Eq. (36) 
Components of plastic.strain in x, y, z directions 
Parametric coordinate system, Fig. 1 
Angle of rotation of x-axis into the x'-axis 
in the skew coordinate system 
Poisson's ratio 
Secant Poisson's ratio, Eq. (34) 
Stress 
APPENDIX A--SYMBOLS, Cont 'd, 
'e Effective stress, Eq. (32) 
'Y Yield stress 
'new New stress, Eq. (33) 
'0 Yield stress at reference temperature, Eq. (40) 
'r Radial stTess component 
'6 Tangential stress component 
Dimensionless ratio r/R i 
r/Ri where yield occurs at r 
Shear stress component, Eq. (35) 
A1 Yield temperature gradient 
A 2  ~last'ic modulus temperature gradient 
times lo6 (l/OF) 
Special Symbols: 
[ L  i 1 Matrices 
[ IT Transposed matrix form 
I J I Determinant value of J matrix 
C I - I  Inverse matrix 
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APPENDIX C--CANTILEVER BEAM EXAMPLE- 
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APPENDIX D--THICK WALL CYLINDER EXAMPLE- 
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APPENDIX E--HEATED ELEMENT CYCLING EXAMPLE- 
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